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Abstract

The learning time of a simple neural network model is obtained through an
analytic computation of the eigenvalue spectrum for the Hessian matrix,
which describes the second order properties of the cost function in the
space of coupling coefficients. The form of the eigenvalue distribution
suggests new techniques for accelerating the learning process, and provides
a theoretical justification for the choice of centered versus biased state
variables.

1 INTRODUCTION

Consider the class of learning algorithms which explore a space {W} of possible
couplings looking for optimal values W* for which a cost function F(W) is minimal.
The dynamical properties of searches based on gradient descent are controlled by
the second order properties of the E(W) surface. An analytic investigation of such

properties provides a characterization of the time scales involved in the relaxation
to the solution W*.

The discussion focuses on layered networks with no feedback, a class of architectures
remarkably successful at perceptual tasks such as speech and image recognition.
We derive rigorous results for the learning time of a single linear unit, and discuss
their generalization to multi-layer nonlinear networks. Causes for the slowest time
constants are identified, and specific prescriptions to eliminate their effect result in
practical methods to accelerate convergence.
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2 LEARNING BY GRADIENT DESCENT

Multi-layer networks are composed of model neurons interconnected through a feed-
forward graph. The state z; of the i-th neuron is computed from the states {z;} of
the set S; of neurons that feed into it through the total input (or induced local field)
@i = ) ies, Wij%j- The coefficient w;; of the linear combination is the coupling from
neuron j to neuron ¢. The local field a; determines the state z; through a nonlinear
differentiable function f called the activation function : z; = f(a;). The activation
function is often chosen to be the hyperbolic tangent or a similar sigmoid function.

The connection graph of multi-layer networks has no feedback loops, and the stable
state is computed by propagating state information from the input units (which
receive no input from other units) to the output units (which propagate no infor-
mation to other units). The initialization of the state of the input units through
an input vector X results in an output vector O describing the state of the output
units. The network thus implements an input-output map, @ = O(X, W), which
depends on the values assigned to the vector W of synaptic couplings.

The learning process is formulated as a search in the space W, so as to find an
optimal configuration W* which minimizes a function E(W). Given a training set
of p input vectors X* and their desired outputs D#, 1 < u < p, the cost function

p
E(W) = % S |IDH — O(XH, W2 (2.1)
p=1

measures the discrepancy between the actual behavior of the system and the desired
behavior. The minimization of E with respect to W is usually performed through
iterative updates using some form of gradient descent:

W(k +1) = W(k) — nVE, (2.2)

where 7 1s used to adjust the size of the updating step, and V FE is an estimate of the
gradient of F with respect to W. The commonly used Back-Propagation algorithm
popularized by (Rumelhart, Hinton, and Williams, 1986), provides an efficient way
of estimating VE for multi-layer networks.

The dynamical behavior of learning algorithms based on the minimization of E(W)
through gradient descent is controlled by the properties of the E(W) surface. The
goal of this work is to gain better understanding of the structure of this surface

through an investigation of its second derivatives, as contained in the Hessian matrix
H.

3 SECOND ORDER PROPERTIES

We now consider a simple model which can be investigated analytically: an N-
dimensional input vector feeding onto a single output unit with a linear activation
function f(a) = a. The output corresponding to input X* is given by

N
0" =) wal =wTX*, (3.1)

i=1
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