Y. Le Cun. A theoretical framework for back-propagation. in L. 1oureizky,
G. Hinton, and T. Sejnowski, editors, Proceedings of the 1988 Connectionist
Models Summer School, pages 21-28, CMU, Pittsburgh, Pa, 1988. Morgan

Kaufmann.

A Theoretical Framework for Back-Propagation *

Yann le Cun !

Department of Computer Science, University of Toronto
Toronto, Ontario, M5S 1A4. CANADA.

Abstract

Among all the supervised learning algo-
rithms, back propagation (BP) is proba-
bly the most wi(l)dely used. Although nu-
merous experimental works have demon-
strated its capabilities, a deeper theoreti-
cal understanding of the algorithm is defi-
nitely needed. We present a mathematical
framework for studying back-propagation
based on the Lagrangian formalism. In
this framework, inspired by optimal con-
trol theory, back-propagation is formu-
lated as an optimization problem with non-
linear constraints. The Lagrange function
is the sum of an output objective function
and a constraint term which describes the
network dynamics.

This approach suggests many natural ex-
tensions to the basic algorithm.

It also provides an extremely simple for-
mulation (and derivation) of continuous re-
current network equations as described by
Pineda [Pineda, 1987)].

Other easily described variations involve
either additional terms in the error func-
tion, additional constraints on the set of
solutions, or transformations of the param-
eter space. An interesting kind of con-
straint is an equality constraint among the
weights, which can be implemented with
little overhead. It 18 shown that this sort
of constraint provides a way of putting a
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priort knowledge into the network while re-
ducing the number of free parameters.

1 Introduction

The Back Propagation algorithm has recently
emerged as one of the most efficient learning
procedures for multi-layer networks of neuron-like
units. One of the reasons of the success of back-
propagation is its incredible simplicity. In fact,
back-propagation is little more than an extremely
judicious application of the chain rule and gradient
descent.

There are a number of ways to derive back-
propagation . The simplest derivation is the one
given in [Rumelhart et al, 1986]. An alternate
derivation has been proposed in [le Cun, 1986] that
uses local criteria attached to each unit which are
minimized locally. Various constraints can be put
on these local criteria giving several variations of
the original algorithm [le Cun, 1985; le Cun, 1986;
le Cun, 1987]. Various other derivations of Back
Propagation have also been reported earlier in dif-
ferent contexts [Parker, 1985] [Werbos, 1974]

The present paper proposes a derivation of back-
propagation based on the Lagrangian formalism.
An early version of this framework has been pre-
sented in [Fogelman-Soulié et al., 1986] (also pub-
lished in [Fogelman-Soulié et al., 1987]) and a more
extended version in [le Cun, 1987].

This formalism 1s directly inspired by optimal
control theory. There is an abundant literature on
optimal control that uses the method of Lagrange
multipliers to find the optimal values of a set of
control variables. The continuous version of this
method is called variational calculus, and its pur-
pose 18 to find a function (usually not a a set of dis-
crete values) that munimizes an objective function
subject to constraints. Variational calculus and 1its



extenstons are, in fact, the basis of most work in op-
timal control [Noton, 1965; Athans and Falb, 1966;
Bryson and Ho, 1969]. As we will see, the classical
algorithms given by this formalism closely resemble
back-propagation .

The central problem that back-propagation solves
1s the evaluation of the influence of a parameter on
a function whose computation involves several ele-
mentary steps. The solution to this problem is given
by the chain rule, but back-propagation exploits the
particular form of the functions used at each step (or
layer) to provide an elegant and local procedure.

We show below that this problem can be easily
stated using variational principles.

One of the questions addressed by optimal control
theory 1s how the state of a system at time 7" will be
modified by a change in the control variables at time
T —t. In discrete time, this problem is very similar
to the problem of back-propagation if we replace the
time index by a layer index, namely, how the output
of a network (state of the K*? layer) will be modified
by changing a weight in layer K — k. The trajectory
in the classical paradigm is analogous to the states
of the successive layers in the network.

In the continuous time case, there 1s an even more
straightforward analogy between the standard opti-
mal control formalism and continuous time recur-
rent networks like the one proposed by Almeida
[Almeida, 1987] and by Pineda [Pineda, 1987].

The purpose of computing partial derivatives of
the states with respect to the parameters in the sys-
tem 1s to minimze an objective function which mea-
sures how far the behaviour of the network is from
a desired behaviour.

Following the variational formalism of Lagrange,
Pontryagin has shown in the late 1950’s how to
formulate this problem using a single energy-like
Hamuiltonian function. The behaviour of the system
18 completely described by a single equation stating
that the Hamiltonian meets some optimality crite-
rion. An extensive treatment of Pontryagin’s mini-
mum principle can be found in [Athans and Falb,
1966]. The Pontryagin principle is an extension
of classical variational calculus to problems involv-
ing non-differentiable functions, especially when in-
equality constraints must be met by the state vari-
ables or by the control variables. It 1s closely related
to Bellman’s dynamic programming, and, in fact,
it can be derived as a lirut case of it (see [Noton,
1965] for example). For the problem of simple feed-

forward multi-layer networks, the full generality of
Pontryagin’s result, even of variational calculus, is
not needed. Only the standard Lagrange multiplier
method will be used.

Some of the applications and algorithms de-
scribed in the optimal control literature so closely
resemble back-propagation that one could credit
Pontryagin (among others) for its discovery. Al-
though the relevance of this work to automatic ma-
chine learning is not clearly mentioned in the early
literature, the results have been extensively applied
to some closely related problems such as system
identification. Most of the optimal control literature
deals with continuous time dynamical systems, how-
ever the proliferation of digital computers has lead
to discrete time versions of the methods. The use of
back-propagated variables for computing derivatives
is apparent in the classical literature, and, as we will
see, is a direct consequence of the formalism. In op-
timal control, the back-propagated vector is called
the co-state or adjoint state, and the corresponding
backward system the adjoint system [Athans and
Falb, 1966].

Since his first work on the subject, the author
has found that A. Bryson and Y.-C. Ho [Bryson
and Ho, 1969] have described the back-propagation
algorithm using Lagrange formalism. Although
their description was of course in the framework
of optimal control, not machine learning, the re-
sulting procedure 1s identical to back-propagation.
They formulate it as the the optimal control so-
lution of a “multistage system” defined as a cas-
cade of elementary systems f°, f!, f¥ (analogous
to the layers) controlled by a set of control variables
u(0), u(1), u(N — 1) (analogous to the weights) and
minimizing a performance index which depends on
the final output !. No strong assumption is made
about the dependency relation between the control
variables and the states. The derivation includes the
expression of the back-propagated gradients and the
authors suggest the use of a gradient descent tech-
nique to find the control that optimizes the perfor-
mance index. The section is judiciously concluded
by: “Such problems are called two-point boundary-
value problems, and they are sometimes rather dif-
ficult to solve, even with a high speed computer.”
[Bryson and Ho, 1969]. To the author’s knowledge,
this is the first description of back-propagation as

ltheir performance index also includes terms which
depend on the state and the control at every stage





















